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What is this talk about?

Introduction

How does the Frank-Wolfe algorithm
behave on curved domains?

Why? Most results are for polytopes and convergence on curved domains is not
well understood.

Today.

1. A lower bound for smooth + strongly convex functions on strongly convex
domains

2. An upper bound for smooth + (only) convex functions on curved domains

(Hyperlinked) References are not exhaustive; check references contained therein.
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Conditional Gradients
a.k.a. the Frank-Wolfe algorithm

—The Basics—
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The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a
polytope P, solve optimization problem:
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The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a
polytope P, solve optimization problem:

min £(x) (baseProblem)
xeP

Source: [Jaggi, 2013]
Very versatile model

Can use various types of information about both f and P

Works very well in (continuous) real-world applications

NN P

At the core of many (all?) learning algorithms (albeit mostly non-convex)
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The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a
polytope P, solve optimization problem:

min £(x) (baseProblem)
xeP

Source: [Jaggi, 2013]
Our setup.

1. Access to P. Linear Minimization Oracle (LMO): Given linear objective ¢
return

g T
X <—argminc v.
veP

Sebastian Pokutta - Frank-Wolfe Beyond Polytopes 3/ 29



The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm
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polytope P, solve optimization problem:

min £(x) (baseProblem)
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Source: [Jaggi, 2013]
Our setup.

1. Access to P.

Linear Minimization Oracle (LMO): Given linear objective ¢
return

g T
X <—argminc v.
veP

2. Access to f. First-Order Oracle (F0): Given x return

V£(x) and  f(x).
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The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a
polytope P, solve optimization problem:

min £(x) (baseProblem)
xeP

Our setup.
1.

Source: [Jaggi, 2013]

Access to P. Linear Minimization Oracle (LMO): Given linear objective ¢
return

g T
X <—argminc v.
veP

. Access to f. First-Order Oracle (F0): Given x return

V£(x) and  f(x).

= Complexity of convex optimization relative to LO/FO oracle
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The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)

Input: Point xg € P, feasible region P C R",
and step sizes 0 <+ <1
Output: Iterates x1,x2,...E€P

1: for t=0 to T— 1 do
2: vt <= argmin,ecp(VF(xt))v
3: Xt41 <*Xt+’}’t(vtfxt)

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]

Sebastian Pokutta - Frank-Wolfe Beyond Polytopes

4/ 29



The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)

Input: Point xg € P, feasible region P C R",
and step sizes 0 <+ <1
Output: Iterates x1,x2,...E€P

1: for t=0 to T— 1 do
2: vt <= argmin,ecp(VF(xt))v
3: Xt41 <*Xt+’}’t(vtfxt)

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]

Sebastian Pokutta - Frank-Wolfe Beyond Polytopes

4/ 29



The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)

Input: Point xg € P, feasible region P C R",
and step sizes 0 <+ <1
Output: Iterates x1,x2,...E€P

1: for t=0 to T—1 do
2 ve <= argmin,ep(VF(xe))v
3: Xegp1 < xe + ye(ve — xe)

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]
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The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)

Input: Point xg € P, feasible region P C R",
and step sizes 0 <+ <1
Output: Iterates x1,x2,...E€P

1: for t=0 to T—1 do
2t vt <— argmin,cp(VF(xt))v

3: Xt41 %Xf‘l”}’t(vt*xt) e

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]
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The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)

Input: Point xg € P, feasible region P C R",
and step sizes 0 <+ <1
Output: Iterates x1,x2,...E€P

1: for t=0 to T— 1 do
2: vt = argmin,ecp(VF(xt))v
31 Xep1 < xe + ye(ve — xe) 4

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]
Advantages:
® Extremely simple and robust: no complicated data structures to maintain
® Fasy to implement: requires only the two oracles
® pProjection-free: feasibility convex combination and LO oracle.

® Sparsity: optimal solution is a convex combination of (usually) vertices.
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The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)

Input: Point xg € P, feasible region P C R",
and step sizes 0 <+ <1
Output: Iterates x1,x2,...E€P

1: for t=0 to T— 1 do
2: vt = argmin,ecp(VF(xt))v
3: Xe41 < Xt + ye(ve — x¢) =

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]
Advantages:
® Extremely simple and robust: no complicated data structures to maintain
® Fasy to implement: requires only the two oracles
® pProjection-free: feasibility convex combination and LO oracle.
® Sparsity: optimal solution is a convex combination of (usually) vertices.
Disadvantages:

® Suboptimal convergence rate of 0(1/T)

= Despite (theoretically) suboptimal heavily used in applications as simple.
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Significant progress over the recent years (incomplete list)
Conditional Gradients a.k.a. the Frank-Wolfe algorithm

1. Str‘ong'Ly convex [Garber and Hazan, 2013, Lacoste-Julien and Jaggi, 2015, Lan and Zhou, 2016, Garber and Meshi, 2016]
2. Non-convex [Lacoste-Julien, 2016]
3. Online [Hazan and Kale, 2012]
4. Stochastic/adaptive gradients [Hazan and Luo, 2016, Reddi et al., 2016, Combettes et al., 2020]
5. Sharp functions and sharp regions [Kerdreux et al., 2019, 2021, 2025]
6. Acceleration [Diakonikolas et al., 2020, Bach, 2020, Carderera et al., 2021]
7. Specialized variants [Freund et al., 2617, Braun et al., 2017, 2019b,a]

Conditional Gradients very competitive:
simple, robust, and great real-world performance.

For more background etc see our book! [Braun et al., 2025]
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Available software

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

A1l of the discussed methods are readily available: open source (MIT license),
actively maintained, and state of the art.

FrankWolfe. J-L [Besancon et al., 2022, 2025]

® Toolbox for Frank-Wolfe and
Conditional Gradient methods

® State-of-the-art variants:
away-step, pairwise, blended, lazy,

® Plug-and-play linear minimization
oracles: polytopes and beyond

Boscia.jl [Hendrych et al., 2025]

Mixed-integer convex optimization

Branch-and-bound with
Frank-Wolfe-based convex
relaxations

Built on FrankWolfe.jl + Bonobo.jl

MPC “Outstanding Paper of the
Year” Award 2025

joint work with: M. Besancon, 6. Braun, A. Carderera, C. W. Combettes, F. Criado, A. d’Aspremont, S. Designolle,
J. Diakonikolas, J. Fuhrmann, P. GelB, J. Halbey, H. Hassani, D.

==x 0 on

. Zimmer, D. Zink

Hendrych, 6. Iommazzo, A. Karbasi, T. Kerdreux,

. Knebel, T. Kreimeier, D. Kuzinowicz, C. Y. Lin, J. Macdonald, D. Martinez-Rubio, G. Mexi, A. Mokhtari, J. Pefia,

. Rakotomandimby, C. Roux, C. Schitte, K. Sharma, T. Siebert, C. Spiegel, S. Tadinada, K. Tanaka, H. Troppens,

. Tsuji, D. Tu, T. Vértesi, D. Herrmannsdoerfer, A. Walther, M. Weiser, E. Wirth, Z. Woodstock, S. Wright, W. Xiao,

Try it yourself: Pkg.add(”FrankWolfe”) | Pkg.add(”Boscia”)
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https://github.com/ZIB-IOL/FrankWolfe.jl
https://github.com/ZIB-IOL/Boscia.jl

Lower Bounds for Frank-Wolfe
on Strongly Convex Sets

joint work with: Jannis Halbey, Daniel Deza, Max Zimmer,
Christophe Roux, Bartolomeo Stellato

ICML 2026
https://arxiv.org/abs/2602.04378

Partially supported by ExC MATH+ Project EF-LiOpt-3

Agent AI in Mathematics

[Halbey et al., 2026]
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Strongly Convex Sets

Introduction

Definition. A convex set X is «-strongly convex if for all x,y € X', A € [0,1]
and z s.t. ||z|| <1

x4 (1=N)y + %A(l—A)Hx —y?zC X
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Strongly Convex Sets

Introduction

Definition. A convex set X is «-strongly convex if for all x,y € X', A € [0,1]

and z s.t. ||z|| <1

x4 (1=N)y + %A(l—A)Hx —y?zC X

Examples.
1. 4, balls for 1 <p <2

2. Schatten-p norm balls for 1 <p <2
3. ellipsoids

edge

By M Bg: edges OK,
still strongly convex

Sebastian Pokutta - Frank-Wolfe Beyond Polytopes

flat

polytope: no curvature
not strongly convex
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Prior Results

Introduction
General compact convex sets.

® Upper bound: C?(l/E) [Frank and Wolfe, 1956, Levitin and Polyak, 1966, Jaggi, 2013]

® Lower bound: Q(1/e) (saggi, 2013, Lan, 20131

Limitation. The Frank-Wolfe-specific lower bounds use polyhedral constructions;
they do not transfer to curved feasible regions.
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Prior Results

Introduction
General compact convex sets.

® Upper bound: 0(1/8) [Frank and Wolfe, 1956, Levitin and Polyak, 1966, Jaggi, 2013]

® Lower bound: Q(1/e) (saggi, 2013, Lan, 20131

Limitation. The Frank-Wolfe-specific lower bounds use polyhedral constructions;
they do not transfer to curved feasible regions.

Strongly convex sets.

® Upper bound: O(1/1/2) {Garber and Hazan, 2015]
® Only generally applicable lower bound: (log %) [Nenirovsky and Yudin, 1983]

Large gap of (log 1) versus O(1/1/%).
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Optimizer Position matters

Introduction

Baseline for strongly convex sets. Without information about the optimizer
position Frank-Wolfe needs O(1/y/c) iterations. [carber and Hazan, 2015]

Sebastian Pokutta - Frank-Wolfe Beyond Polytopes 10 / 29



Optimizer Position matters

Introduction

Baseline for strongly convex sets. Without information about the optimizer
position Frank-Wolfe needs O(1/y/c) iterations.

[Garber and Hazan, 2015]

Location changes the rate. The position of the unconstrained optimizer x*

Interior x*: upper bound O(log i)

[Wolfe, 1970, Guélat and Marcotte, 1986

® Exterior x™: upper bound CKlog%)

[Levitin and Polyak, 19661
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Interior x*: upper bound O(log é)

[Wolfe, 1970, Guélat and Marcotte, 1986
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What happens on the boundary?
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Optimizer Position matters

Introduction

Baseline for strongly convex sets. Without information about the optimizer
position Frank-Wolfe needs O(1/y/c) iterations. [carber and Hazan, 2015]

Location changes the rate. The position of the unconstrained optimizer x*

Interior x™: upper bound O('Log %) [Wolfe, 1970, Guélat and Marcotte, 1986]

® Exterior x™: upper bound O('Log é) [Levitin and Polyak, 19661

What happens on the boundary?

Boundary x* requires (1/1/¢) Halbey et al., 2026]

Sebastian Pokutta - Frank-Wolfe Beyond Polytopes 10 / 29



Constructing a Lower Bound
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Model Problem

Lower Bound

Projection onto the unit ball.

. 2
_ =
s [l —pll%, lInll

. f(x) strongly convex + smooth
B1(0) strongly convex + smooth

Optimizer x™ = p on the boundary

N NN

Run Frank-Wolfe with short steps

Properties.
1. ALl iterates remain in 2D space
Span{p, xo}.

2. Closed-form LMO: —Vrxe)

Ve = 970l

Sebastian Pokutta -

f)

Sla) =

107

10

10

—— Boundary [|p]| = 1
—— Interior (||p|| < 1)
Exterior (|[p|| > 1)

2

o

n

100 10t 102 10°
Tteration ¢

Frank-Wolfe Beyond Polytopes

FW convergence for different positions of p.
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Convergence Behavior

Lower Bound

104
10774
10714

10704

flae) = fa*

10754

804

©

604

Tt

L(ve=0, p—

204

Jump (s¢ < 0.5)

20

10

60

80
Tteration ¢

100

120 140 160
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Convergence Behavior

Lower Bound

10°4

10724

10714

ze) — f(a*)

> 107%

f

10754

804

L=z, p=a) (°

Jump (s < 0.5)

40

60

80
Tteration ¢

100

120 140 160

Sebastian Pokutta -

Pattern.

1. Long plateaus. FW direction nearly
orthogonal to optimal direction
= little progress

2. Intermittent jumps. angle drops,
directions align
= steep error decrease

Naive Strategy. Find an initialization
such that no jumps occur.
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Naive Forward Search

Lower Bound

Goal. Find initializations with a
long stable phase.

Grid search. Fix rg = 1 and vary sg

0.0 0.1 02 0.3 04 05

Stable phase length vs. initial contraction sgp
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Naive Forward Search
Lower Bound
Goal. Find initializations with a Bisection. Refine around spikes.

long stable phase. . .
Doomed. Requires extreme numerical

Grid search. Fix rg = 1 and vary sg precision; approx 1 bit per iteration
| @ \
10
L8
®
S ]
2 ]
% 0" 2
2 5
| 2
2
0
0.0 0.1 0.2 0.3 0.4 0.5
So
10°
Stable phase length vs. initial contraction s

Number of FW steps to reach f(xt) — £(x*) < 10~%
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Analyzing the Dynamics
Lower Bound
Reparametrize the iterates in 2D.

e e —pl, s T
re

r¢: distance to optimum

St € [0,1]: contraction per step

Convergence: (re,s¢) — (0,1)

NN N

Exact FW dynamics (exact 1s):

Pt4y1 = StPt, Phase diagram in (r,s) space

2 — rite N 1— (V+re)?s?
e rigy 2—2s¢ — (24 re)res?’
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Analyzing the Dynamics
Lower Bound
Reparametrize the iterates in 2D.

e e —pl, s T
re

r¢: distance to optimum
St € [0,1]: contraction per step

Convergence: (re,s¢) — (0,1)

NN N

Exact FW dynamics (exact 1s):

Pt41 = Stlt,

2 ria 1— (V+re)?s?

St+1 = 3

Plateaus and jumps.

r2, 2—2se— (2+re)res?

Phase diagram in (r,s) space

1. Plateaus. stable region: sty1 > s: progress slows down

2. Jumps. unstable region: st+1 < s: error drops sharply
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Backward Reconstruction

Lower Bound

Rolling the dynamics backwards.
1. Start near (r*,s*)=(0,1) and use s =1—3r = (¢,1 — 3¢) via Taylor
2. No need to do expensive forward search
3. Endpoint gives the worst-case initialization
4

Need to work a little bit to stay in the slow regime
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Backward Reconstruction

Lower Bound

Rolling the dynamics backwards.

1.

Start near (r*,s*) =(0,1) and use s =1— 3r = (g,1 — 3¢) via Taylor

2. No need to do expensive forward search
3. Endpoint gives the worst-case initialization
4. Need to work a little bit to stay in the slow regime
—— Worst-case 1.0
107! —— Random initializations _ s‘;sm
= worst case (T=1000)
0.9
107
E; 1077
b »
;‘j 1077 0.7 Ser1<st
10°°
St+1>St
10-1
0.5

100 10! 102 10°
Tteration ¢
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Backward Reconstruction

Lower Bound

Rolli
1.0 @
1. S —_
I+r
2. N —-— St =St41
= worst case (T=1000
37 E 0.9 ( )
~—-— random starts
4. N
7))
107!
) 0.7 St+1<St

0%
g 107
]
?lﬂ’

107

101 0.5

0.0 0.5
r

poo)

Sebastian Pokutta -

Frank-Wolfe Beyond Polytopes
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Constructed Worst Cases: Does it work?

Lower Bound

fla) = fla*)

Worst-case init

—— Unit Circle Boundary

2 $— o Tagetp
---- O(1/12) -
804 ///////,///»
i
] - - )
150 50 100 150
Random init
Jump (s¢ < 0.5)
.
/ ;\
50 100 150 50 100 150

Tteration ¢

Tteration t
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So far only Numerics: Formal Proof

Lower Bound

Formalize backward construction.
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So far only Numerics: Formal Proof

Lower Bound

Formalize backward construction.
Show sy > 1 — %rt and S¢y1 > S¢. This then implies re = €(1/t) and hence

Flxe) = F(x") = Q(1/t%).
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So far only Numerics: Formal Proof

Lower Bound

Formalize backward construction.

Show sy > 1 — %I} and S¢y1 > S¢. This then implies re = €(1/t) and hence

Flxe) = £(x7) = Q(1/t°).

Add a quadratic Taylor correction e
sle—%rt—i—ctrf 0.9
n
. 0.7
Invariant band. One backward step
preserves
ce €[1, 3] = ceo1 €1, 2] U 0
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Main Result

Lower Bound

Theorem (Lower Bound). There exists a compact, smooth, and strongly convex set
X C R, a smooth and strongly convex function f: X — R, such that for all

T € N there exists a starting point xop € X such that the FW iterates (with
short step or exact line search) satisfy

£ -6 =0 ()

for all t=1,...,T. Equivalently, T=Q(1/\/%).

[Halbey et al., 2026]
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Main Result

Lower Bound

Theorem (Lower Bound). There exists a compact, smooth, and strongly convex set
X C R, a smooth and strongly convex function f: X — R, such that for all

T € N there exists a starting point xop € X such that the FW iterates (with
short step or exact line search) satisfy

£ -6 =0 ()

t2
for all t=1,...,T. Equivalently, T = Q(1/\/€). [Hatbey et L., 2026]
Key points.
1. New proof technique

o1 N NN

. Without assumptions on position of x*, O(1/y/e) is tight [Garber and Hazan, 2015]

Smoothness of X does not help as our set if smooth
Dimension-independent as iterates live in 2D

Recent work obtains Q(1/y/2) for d < T for any LMO-based algorithm but set
is not smooth and large-scale regime only [6rinmer and Liu, 2026]
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Frank-Wolfe Beyond 1/t Convergence

preprint
https://arxiv.org/abs/2604.28006

Partially supported by ExC MATH+ Project EF-LiOpt-3

Agent AI in Mathematics

[Pokutta, 2026]
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What If f Is Only Smooth and Convex?
Frank-Wolfe beyond 1/t

What we just saw. For a smooth strongly convex objective over a strongly convex
set,

Flxe) — £ = O(1/t)

for short steps or exact line search.
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What If f Is Only Smooth and Convex?

Frank-Wolfe beyond 1/t

What we just saw. For a smooth strongly convex objective over a strongly convex
set,
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What If f Is Only Smooth and Convex?

Frank-Wolfe beyond 1/t

What we just saw. For a smooth strongly convex objective over a strongly convex
set,

Flxe) — £ = O(1/t)

for short steps or exact line search.

Subtle question left. Let f be only smooth and convex, while X remains SC.

Folklore belief. In general Frank-Wolfe methods are O(1/t) for f smooth and
convex and matching S)(l/t) examples are known on polytopes.

How about curved sets X’? Maybe improve over l/t?
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Where Does the 1/t Barrier Come From?
Frank-Wolfe beyond 1/t

Classical instance.

X =conv{er,...,e}, F(x) = L|x|]°.
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Where Does the 1/t Barrier Come From?
Frank-Wolfe beyond 1/t

Classical instance.

X =conv{er,...,en}, Ff(x)= %HX“Z

Sparsity vs error tradeoff. Starting from a vertex, after t iterations a
Frank-Wolfe iterate is supported on at most t+ 1 atoms. Hence

flxe) —F =Q(1/t)

for sufficiently large n. [Jaggi, 2613, Lan, 2013]
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Where Does the 1/t Barrier Come From?
Frank-Wolfe beyond 1/t

Classical instance.

X =conv{er,...,en}, Ff(x)= %HXH2

Sparsity vs error tradeoff. Starting from a vertex, after t iterations a
Frank-Wolfe iterate is supported on at most t+ 1 atoms. Hence

flxe) =" =Q(1/1)
for sufficiently large n.

[Jaggi, 2013, Lan, 2013]

What this exploits. Flat faces preserve a sparsity obstruction: the LMO can
keep returning distant vertices while induced primal progress remains small.

None of the known lower bounds applies to curved domains!
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Local Dual Sharpness
Frank-Wolfe beyond 1/t

LMO atom. For a fixed atom-selection rule, write

s(g) € argmin(g, y).
yeX
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Local Dual Sharpness
Frank-Wolfe beyond 1/t

LMO atom. For a fixed atom-selection rule, write
s(g) € argnin(g, y).

yex

Local dual sharpness (LDS). Around the minimizer set M, there are constants
A >0 and g > 2 such that

Allgll Ix = s(g)||" < (g,x —s(g)) whenever x is close to M.
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Local dual sharpness (LDS). Around the minimizer set M, there are constants
A >0 and g > 2 such that

Allgll Ix = s(g)||" < (g,x —s(g)) whenever x is close to M.

Interpretation. The dual gap cannot be small while the selected LMO atom
remains far away.
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Local Dual Sharpness
Frank-Wolfe beyond 1/t

LMO atom. For a fixed atom-selection rule, write
s(g) € argnin(g, y).

yex

Local dual sharpness (LDS). Around the minimizer set M, there are constants
A >0 and g > 2 such that

Allgll Ix = s(g)||" < (g,x —s(g)) whenever x is close to M.

Interpretation. The dual gap cannot be small while the selected LMO atom
remains far away.

Note. Every (o, q)-uniformly convex set satisfies LDS with A = «/2; LDS is
strictly more general.
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Main Result: Curvature Alone Beats l/t
Frank-Wolfe beyond 1/t

Theorem. Let f be smooth and convex over a compact convex set X . Suppose that
X, together with its fixed LMO rule, satisfies local dual sharpness around

M = argmin f(x).
XEX
Then
fxe) = F7 = 0o(1/t)
for each of the standard step-size choices:
1. global short steps,
2. exact line search,

3. classical open-loop steps v: = 2/(t+2).
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Main Result: Curvature Alone Beats 1/t

Frank-Wolfe beyond 1/t

Theorem. Let f be smooth and convex over a compact convex set X . Suppose that
X, together with its fixed LMO rule, satisfies local dual sharpness around

M = argmin f(x).
xEX
Then
fxe) = F7 = 0o(1/t)
for each of the standard step-size choices:
1. global short steps,
2. exact line search,

3. classical open-loop steps v: = 2/(t+2).

No strong convexity, error bound, lower-bounded gradient, or
optimizer-position assumption on f.
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Proof I: LDS Forces Reciprocal Progress

Short steps; the hard zero-gradient case

Assume F+ > 0; otherwise the claim is immediate. Let

Fe = f(xe) — F5, g: = (VF(xt), xt — st), de = ||x¢ — s¢l|-

Standard Frank-Wolfe convergence lets us choose nearest minimizers p: € M such that

ot = HXt —ptH — 0.
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ot = HXt — ptH — 0.

Convexity and smoothness at Vf(p:) =0 give

L
gt > Ft, Ft S HVf(Xt)H(St, Ft S 55?

Combining the middle inequality with LDS yields the key estimate

F
9t 2 A V5 (xe) |0 > A5
t
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Proof I: LDS Forces Reciprocal Progress

Short steps; the hard zero-gradient case

Assume F+ > 0; otherwise the claim is immediate. Let
Fe = f(xe) — F5, g: = (VF(xt), xt — st), de = ||x¢ — s¢l|-

Standard Frank-Wolfe convergence lets us choose nearest minimizers p: € M such that
ot = HXt — ptH — 0.

Convexity and smoothness at Vf(p:) =0 give

L
gt > Ft, Ft S HVf(Xt)H(St, Ft S 55?

Combining the middle inequality with LDS yields the key estimate
q Ft 4
gt > Al|VF(xe)l|d ZA(S*dt-
t
Short-step descent

1 2
F+ —F > —min It
t r+1_2 9t, Ld% .
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Proof II: The Reciprocal Argument

Short steps; the hard zero-gradient case
Set Ht = 1/F1:. Since Ft+1 S Ft,

Ft —Ft41 > Ft — Feq1
FiFep1 F2

Hep1 — He =
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Proof II: The Reciprocal Argument

Short steps; the hard zero-gradient case
Set Ht = 1/F1:. Since Ft+1 S Ft,

Ft — Ft41 Ft — Ft41
He41 — He = > T
FtFti41 F
Case g+ > Ld?: Then 7+ =1 and F+ — Fey1 > g¢/2 > Fe/2. Therefore
1 -
Hep1 —He > — 2 —5 > =0
o 2 T 162 T Lt
for all sufficiently large t.
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Ft —Ft41 > Ft — Feq1
FiFep1 F2

Hep1 — He =

Case g+ > Ld?: Then 7t =1 and Ft — Fep1 > g¢/2 > Ft/2 Therefore

1 1 2/q
Ht+1_HtZTﬁZ (52 > 7(5
for all sufficiently large t.
Case g+ < Ld%: Then vt = gt/(Ld%) < 1. Applying the two lower bounds on g+ separately
gives
gt
~ 2Ld?F?

1 A2g2972
> max = t72
2Ld?7 2163

1\ (@ D/a [ p2420-2 Y a2/ —2/q
AN — =" 572,
2Ld? 2L6? 2L
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Short steps; the hard zero-gradient case
Set Ht = 1/Ft. Since Ft+1 S Ft,

Ft —Ft41 > Ft — Feq1
FiFep1 F2

Hep1 — He =

Case g+ > Ld?: Then 7t =1 and Ft — Fep1 > g¢/2 > Ft/2 Therefore

1 1 2/q
Hii1 — Hy > — > 76
T
for all sufficiently large t.

Case g+ < Ld%: Then vt = gt/(Ld%) < 1. Applying the two lower bounds on g+ separately
gives

gt
~ 2Ld?F?

1 A2g2972
> max = t72
2Ld?7 2163

1\ (@ D/a [ p2420-2 Y a2/ —2/q
AN — =" 572,
2Ld? 2L6? 2L

Thus H¢y41 — Hy — o0o. By Cesaro averaging,
Ht H() 1 t
f:f+7£(Hk+1—Hk)—)OO, tFe = — — 0.
t t t k<t Ht

Ht41 — He >
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If you want to learn more...

Thank you!

Conditional Gradient Methods

Gabor Braun, Alejandro Carderera, Cyrille W
Combettes, Hamed Hassani, Amin Karbasi, Aryan
Mokhtari, and Sebastian Pokutta

https://conditional-gradients.org/
https://arxiv.org/abs/2211.14103

MOS-SIAM Series on Optimization
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