
Figure 1: Building block of first coloring for d = 0.354, 0.45, and 0.553.

form of ↵1, the angle at the ‘top’ of the pentagon. We will later determine the range of valid

↵1 depending on d numerically and see that this additional variable can be fixed by linearly

interpolating between two extremal values (though other options can also be valid depending

on d).

Figure 2: Illustration of the first coloring with circles at unit distance (dotted) and distance d

(dashed) highlighted at three critical points.

A copy of three pentagons, one triangle, three octagons and two hexagons together form the

building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:
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The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a

polytope P, solve optimization problem:

min
x∈P

f(x) (baseProblem)

Source: [Jaggi, 2013]

⇒ Complexity of convex optimization relative to LO/FO oracle
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Given a smooth and convex function f and a

polytope P, solve optimization problem:

min
x∈P

f(x) (baseProblem)

Source: [Jaggi, 2013]

1. Very versatile model

2. Can use various types of information about both f and P

3. Works very well in (continuous) real-world applications

4. At the core of many (all?) learning algorithms (albeit mostly non-convex

case)

⇒ Complexity of convex optimization relative to LO/FO oracle
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Our setup.

1. Access to P. Linear Minimization Oracle (LMO): Given linear objective c

return

x← arg min
v∈P

c
T
v.

2. Access to f. First-Order Oracle (FO): Given x return

∇f(x) and f(x).

⇒ Complexity of convex optimization relative to LO/FO oracle

Sebastian Pokutta · Frank-Wolfe on Curved Domains 3 / 28



Figure 1: Building block of first coloring for d = 0.354, 0.45, and 0.553.

form of ↵1, the angle at the ‘top’ of the pentagon. We will later determine the range of valid

↵1 depending on d numerically and see that this additional variable can be fixed by linearly

interpolating between two extremal values (though other options can also be valid depending

on d).

Figure 2: Illustration of the first coloring with circles at unit distance (dotted) and distance d

(dashed) highlighted at three critical points.

A copy of three pentagons, one triangle, three octagons and two hexagons together form the

building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a

polytope P, solve optimization problem:

min
x∈P

f(x) (baseProblem)

Source: [Jaggi, 2013]

Our setup.

1. Access to P. Linear Minimization Oracle (LMO): Given linear objective c

return

x← arg min
v∈P

c
T
v.

2. Access to f. First-Order Oracle (FO): Given x return

∇f(x) and f(x).

⇒ Complexity of convex optimization relative to LO/FO oracle

Sebastian Pokutta · Frank-Wolfe on Curved Domains 3 / 28



Figure 1: Building block of first coloring for d = 0.354, 0.45, and 0.553.

form of ↵1, the angle at the ‘top’ of the pentagon. We will later determine the range of valid

↵1 depending on d numerically and see that this additional variable can be fixed by linearly

interpolating between two extremal values (though other options can also be valid depending

on d).

Figure 2: Illustration of the first coloring with circles at unit distance (dotted) and distance d

(dashed) highlighted at three critical points.

A copy of three pentagons, one triangle, three octagons and two hexagons together form the

building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a

polytope P, solve optimization problem:

min
x∈P

f(x) (baseProblem)

Source: [Jaggi, 2013]

Our setup.

1. Access to P. Linear Minimization Oracle (LMO): Given linear objective c

return

x← arg min
v∈P

c
T
v.

2. Access to f. First-Order Oracle (FO): Given x return

∇f(x) and f(x).

⇒ Complexity of convex optimization relative to LO/FO oracle

Sebastian Pokutta · Frank-Wolfe on Curved Domains 3 / 28



Figure 1: Building block of first coloring for d = 0.354, 0.45, and 0.553.

form of ↵1, the angle at the ‘top’ of the pentagon. We will later determine the range of valid

↵1 depending on d numerically and see that this additional variable can be fixed by linearly

interpolating between two extremal values (though other options can also be valid depending

on d).

Figure 2: Illustration of the first coloring with circles at unit distance (dotted) and distance d

(dashed) highlighted at three critical points.

A copy of three pentagons, one triangle, three octagons and two hexagons together form the

building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)

Input: Point x0 ∈ P, feasible region P ⊆ Rn,

and step sizes 0 < γt ≤ 1
Output: Iterates x1, x2, . . . ∈ P

1: for t = 0 to T − 1 do

2: vt ← argminv∈P〈∇f(xt)〉v
3: xt+1 ← xt + γt(vt − xt)

xt

vt

−∇f(xt)

x
∗

xt+1

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]

Advantages:

• Extremely simple and robust: no complicated data structures to maintain

• Easy to implement: requires only the two oracles

• Projection-free: feasibility convex combination and LO oracle.

• Sparsity: optimal solution is a convex combination of (usually) vertices.

Disadvantages:

• Suboptimal convergence rate of O(1/T)

⇒ Despite (theoretically) suboptimal rate heavily used in applications due to

simplicity.
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3

Significant progress over the recent years (incomplete list)

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

1. Strongly convex case [Garber and Hazan, 2013, Lacoste-Julien and Jaggi, 2015, Lan and Zhou, 2016, Garber and Meshi,

2016]

2. Non-convex case [Lacoste-Julien, 2016]

3. Online case [Hazan and Kale, 2012]

4. Stochastic variants and adaptive gradients [Hazan and Luo, 2016, Reddi et al., 2016, Combettes

et al., 2020]

5. Sharp functions and sharp regions [Kerdreux et al., 2019, 2021, 2025]

6. Acceleration [Diakonikolas et al., 2020, Bach, 2020, Carderera et al., 2021]

7. Specialized variants [Freund et al., 2017, Braun et al., 2017, 2019b,a]

Conditional Gradients very competitive:

simple, robust, and great real-world performance.

For more background etc see our book! [Braun et al., 2025]
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Lower Bounds for Frank–Wolfe

on Strongly Convex Sets

joint work with: Jannis Halbey, Daniel Deza, Max Zimmer,

Christophe Roux, Bartolomeo Stellato

ICML 2026

https://arxiv.org/abs/2602.04378

Partially supported by ExC MATH+ Project EF-LiOpt-3

Agent AI in Mathematics

[Halbey et al., 2026]
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3

Strongly Convex Sets

Introduction

Definition. A convex set X is α-strongly convex if for all x, y ∈ X , λ ∈ [0, 1]
and z s.t. ‖z‖ ≤ 1

λx+ (1−λ)y+ α

2
λ(1−λ)‖x− y‖2z ⊆ X

Examples.

1. `p balls for 1 < p ≤ 2

2. Schatten-p norm balls for 1 < p ≤ 2

3. ellipsoids

B1 B2
edge

1
α

B1 ∩ B2: edges OK,

still strongly convex

flat

polytope: no curvature,

not strongly convex
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3

Prior Results

Introduction

General compact convex sets.

• Upper bound: O(1/ε) [Jaggi, 2013]

• Lower bound: Ω(1/ε) [Jaggi, 2013, Lan, 2013]

Limitation. The Frank–Wolfe-specific lower bounds use polyhedral constructions;

they do not transfer to curved feasible regions.

Strongly convex sets.

• Upper bound: O(1/
√
ε) [Garber and Hazan, 2015]

• Only generally applicable lower bound: Ω(log 1
ε
) [Nemirovsky and Yudin, 1983]

Large gap of Ω(log 1
ε
) versus O(1/

√
ε).
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Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Optimizer Position matters

Introduction

Baseline for strongly convex sets. Without information about the optimizer

position Frank–Wolfe needs O(1/
√
ε) iterations. [Garber and Hazan, 2015]

Location changes the rate. The position of the unconstrained optimizer x
∗

Interior x
∗
: upper bound O(log 1

ε
) [Wolfe, 1970, Guélat and Marcotte, 1986]

Exterior x
∗
: upper bound O(log 1

ε
) [Levitin and Polyak, 1966]

What happens on the bounday?

Boundary x
∗
requires Ω(1/

√
ε) [Halbey et al., 2026]
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Constructing a Lower Bound
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Model Problem

Lower Bound

Projection onto the unit ball.

min
x∈B1(0)

‖x− p‖2, ‖p‖ = 1

1. f(x) strongly convex + smooth

2. B1(0) strongly convex + smooth

3. Optimizer x
∗ = p on the boundary

Properties.

1. All iterates remain in 2D space

Span{p, x0}.
2. Closed-form LMO: vt =

−∇f(xt)
‖∇f(xt)‖

100 101 102 103

Iteration t

10−11

10−9

10−7

10−5

10−3

10−1

f
(x

t)
−
f

(x
∗ )

Boundary ‖p‖ = 1

Interior (‖p‖ < 1)

Exterior (‖p‖ > 1)

ε−1/2

ε−1/4

FW convergence for different positions of p.
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Convergence Behavior

Lower Bound

10−8
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f
(x
t)
−
f

(x
∗ )
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Iteration t

0
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60
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6
(v
t−
x
t,
p
−x

t)
(◦

)

Jump (st < 0.5)

Pattern.

1. Long plateaus. FW direction nearly

orthogonal to optimal direction

⇒ little progress

2. Intermittent jumps. angle drops,

directions align

⇒ steep error decrease

Naive Strategy. Find an initialization

such that no jumps occur.
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Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Main Result

Lower Bound

Theorem (Lower Bound). There exists a compact, smooth, and strongly convex set

X ⊂ Rd
, a smooth and strongly convex function f : X → R, such that for all

T ∈ N there exists a starting point x0 ∈ X such that the FW iterates (with

short step or exact line search) satisfy

f (xt)− f (x∗) =Ω

(
1

t2

)
for all t = 1, . . . , T. Equivalently, T = Ω(1/

√
ε). [Halbey et al., 2026]

Key points.

1. New proof technique

2. Without assumptions on position of x
∗
, O(1/

√
ε) is tight [Garber and Hazan, 2015]

3. Smoothness of X does not help as our set if smooth

4. Dimension-independent as iterates live in 2D

5. Recent work obtains Ω(1/
√
ε) for d < T for any LMO-based algorithm but set

is not smooth and large-scale regime only [Grimmer and Liu, 2026]
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Frank–Wolfe Beyond 1/t Convergence
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3

What If f Is Only Smooth and Convex?

Frank–Wolfe beyond 1/t

What we just saw. For a smooth strongly convex objective over a strongly convex

set,

f(xt)− f
? = Θ(1/t2)

for short steps or exact line search.

Subtle question left. Let f be only smooth and convex, while X remains SC.

Folklore belief. In general Frank-Wolfe methods are O(1/t) for f smooth and

convex and matching Ω(1/t) examples are known on polytopes.

How about curved sets X ? Maybe improves over 1/t?
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are at risk making this construction invalid are given be the following set of constraints:

3

What If f Is Only Smooth and Convex?

Frank–Wolfe beyond 1/t

What we just saw. For a smooth strongly convex objective over a strongly convex

set,

f(xt)− f
? = Θ(1/t2)

for short steps or exact line search.

Subtle question left. Let f be only smooth and convex, while X remains SC.

Folklore belief. In general Frank-Wolfe methods are O(1/t) for f smooth and

convex and matching Ω(1/t) examples are known on polytopes.

How about curved sets X ? Maybe improves over 1/t?
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Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Where Does the 1/t Barrier Come From?

Frank–Wolfe beyond 1/t

Classical instance.

X = conv{e1, . . . , en}, f(x) = 1
2
‖x‖2.

Sparsity vs error tradeoff. Starting from a vertex, after t iterations a

Frank–Wolfe iterate is supported on at most t+ 1 atoms. Hence

f(xt)− f
? = Ω(1/t)

for sufficiently large n. [Jaggi, 2013, Lan, 2013]

What this exploits. Flat faces preserve a sparsity obstruction: the LMO can

keep returning distant vertices while induced primal progress remains small.

None of the known lower bounds applies to curved domains!
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A copy of three pentagons, one triangle, three octagons and two hexagons together form the

building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Local Dual Sharpness

Frank–Wolfe beyond 1/t

LMO atom. For a fixed atom-selection rule, write

s(g) ∈ argmin
y∈X

〈g, y〉.

Local dual sharpness (LDS). Around the minimizer set M, there are constants

A > 0 and q ≥ 2 such that

A‖g‖ ‖x− s(g)‖q ≤ 〈g, x− s(g)〉 whenever x is close to M.

Interpretation. The dual gap cannot be small while the selected LMO atom

remains far away.

Note. Every (α, q)-uniformly convex set satisfies LDS with A = α/2; LDS is

strictly more general.
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building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Main Result: Curvature Alone Beats 1/t
Frank–Wolfe beyond 1/t

Theorem. Let f be smooth and convex over a compact convex set X . Suppose that

X , together with its fixed LMO rule, satisfies local dual sharpness around

M = argmin
x∈X

f(x).

Then

f(xt)− f
? = o(1/t)

for each of the standard step-size choices:

1. global short steps,

2. exact line search,

3. classical open-loop steps γt = 2/(t+ 2).

No strong convexity, error bound, lower-bounded gradient, or

optimizer-position assumption on f.
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Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Proof I: LDS Forces Reciprocal Progress

Short steps; the hard zero-gradient case

Assume Ft > 0; otherwise the claim is immediate. Let

Ft = f(xt)− f
?, gt = 〈∇f(xt), xt − st〉, dt = ‖xt − st‖.

Standard Frank–Wolfe convergence lets us choose nearest minimizers pt ∈M such that

δt = ‖xt − pt‖ → 0.

Convexity and smoothness at ∇f(pt) = 0 give

gt ≥ Ft, Ft ≤ ‖∇f(xt)‖ δt, Ft ≤
L

2
δ2t .

Combining the middle inequality with LDS yields the key estimate

gt ≥ A‖∇f(xt)‖dqt ≥ A
Ft

δt
d
q

t.

Short-step descent

Ft − Ft+1 ≥
1

2
min

{
gt,

g2t

Ld2t

}
.
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Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Proof II: The Reciprocal Argument

Short steps; the hard zero-gradient case

Set Ht = 1/Ft. Since Ft+1 ≤ Ft,

Ht+1 − Ht =
Ft − Ft+1

FtFt+1
≥

Ft − Ft+1

F2t

.

Case gt ≥ Ld2t : Then γt = 1 and Ft − Ft+1 ≥ gt/2 ≥ Ft/2. Therefore

Ht+1 − Ht ≥
1

2Ft
≥

1

Lδ2t
≥

1

L
δ
−2/q
t

for all sufficiently large t.

Case gt ≤ Ld2t : Then γt < 1. Using gt ≥ Ft and gt ≥ AFtd
q

t/δt gives

Ht+1 − Ht ≥ max

{
1

2Ld2t
,
A2d

2q−2
t

2Lδ2t

}

≥
(

1

2Ld2t

)(q−1)/q
(

A2d
2q−2
t

2Lδ2t

)1/q

=
A2/q

2L
δ
−2/q
t .

Thus Ht+1 − Ht →∞. By Cesàro averaging,

Ht

t
=

H0

t
+

1

t

∑
k<t

(Hk+1 − Hk) −→∞, tFt =
t

Ht
−→ 0.
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↵1 depending on d numerically and see that this additional variable can be fixed by linearly

interpolating between two extremal values (though other options can also be valid depending
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