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form of ↵1, the angle at the ‘top’ of the pentagon. We will later determine the range of valid

↵1 depending on d numerically and see that this additional variable can be fixed by linearly

interpolating between two extremal values (though other options can also be valid depending

on d).

Figure 2: Illustration of the first coloring with circles at unit distance (dotted) and distance d

(dashed) highlighted at three critical points.

A copy of three pentagons, one triangle, three octagons and two hexagons together form the

building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:
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What is this talk about?

Introduction

How can we make active-set Frank–Wolfe methods

much faster on quadratic subproblems?

Why? Corrective FW steps are powerful, but exact fully-corrective updates are

often too expensive.

Today.

• A generic Corrective Frank–Wolfe (CFW) framework

• Two efficient quadratic corrections: QC-LP and QC-MNP

• Theory + computational experiments (sparse regression, entanglement,

splitting)

(Hyperlinked) References are not exhaustive; check references contained therein.
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a.k.a. the Frank-Wolfe algorithm
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The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a

polytope P, solve optimization problem:

min
x∈P

f(x) (baseProblem)

Source: [Jaggi, 2013]

⇒ Complexity of convex optimization relative to LO/FO oracle
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Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a

polytope P, solve optimization problem:

min
x∈P

f(x) (baseProblem)

Source: [Jaggi, 2013]

1. Very versatile model

2. Can use various types of information about both f and P

3. Works very well in (continuous) real-world applications

4. At the core of many (all?) learning algorithms (albeit mostly non-convex

case)

⇒ Complexity of convex optimization relative to LO/FO oracle
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Our setup.

1. Access to P. Linear Minimization Oracle (LMO): Given linear objective c

return

x← arg min
v∈P

c
T
v.

2. Access to f. First-Order Oracle (FO): Given x return

∇f(x) and f(x).
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The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)

Input: Point x0 ∈ P, feasible region P ⊆ Rn,

and step sizes 0 < γt ≤ 1
Output: Iterates x1, x2, . . . ∈ P

1: for t = 0 to T − 1 do

2: vt ← argminv∈P 〈∇f(xt), v〉
3: xt+1 ← xt + γt(vt − xt)

xt

vt

−∇f(xt)

x
∗

xt+1

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]

Advantages:

• Extremely simple and robust: no complicated data structures to maintain

• Easy to implement: requires only the two oracles

• Projection-free: feasibility convex combination and LO oracle.

• Sparsity: optimal solution is a convex combination of (usually) vertices.

Disadvantages:

• Suboptimal convergence rate of O(1/T)

⇒ Despite (theoretically) suboptimal rate heavily used in applications due to

simplicity.
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[Frank and Wolfe, 1956, Levitin and Polyak, 1966]

Advantages:

• Extremely simple and robust: no complicated data structures to maintain

• Easy to implement: requires only the two oracles

• Projection-free: feasibility convex combination and LO oracle.

• Sparsity: optimal solution is a convex combination of (usually) vertices.

Disadvantages:

• Suboptimal convergence rate of O(1/T)

⇒ Despite (theoretically) suboptimal rate heavily used in applications due to

simplicity.
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Significant progress over the recent years (incomplete list)

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

1. Strongly convex case [Garber and Hazan, 2013, Lacoste-Julien and Jaggi, 2015, Lan and Zhou, 2016, Garber and Meshi,

2016]

2. Non-convex case [Lacoste-Julien, 2016]

3. Online case [Hazan and Kale, 2012]

4. Stochastic variants and adaptive gradients [Hazan and Luo, 2016, Reddi et al., 2016, Combettes et al.,

2020]

5. Sharp functions and sharp regions [Kerdreux et al., 2019, 2021, 2025]

6. Acceleration [Diakonikolas et al., 2020, Bach, 2020, Carderera et al., 2021]

7. Specialized variants [Freund et al., 2017, Braun et al., 2017b, 2019b,a]

Conditional Gradients very competitive: simple, robust, real-world performance.

For more background etc see our survey! [Braun et al., 2025]
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A generic corrective FW algorithm
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An algorithmic framework for corrective FW algorithms

A generic corrective FW algorithm

[Halbey et al., 2025]

Algorithm Corrective Frank-Wolfe (CFW)

Input: f, x0 ∈ V(X ), corrective step CS

1: S0 ← {x0}
2: for t = 0 to T − 1 do

3: at ← argmaxv∈St
〈∇f(xt), v〉

4: st ← argminv∈St
〈∇f(xt), v〉

5: vt ← argminv∈V(X ) 〈∇f(xt), v〉
6: if 〈∇f(xt), at − st〉 ≥ 〈∇f(xt), xt − vt〉 then

7: (xt+1, St+1)← CS(St, xt, at, st)
8: else

9: γt ← argminγ∈[0,1] f(xt + γ(vt − xt))
10: xt+1 ← xt + γt(vt − xt)
11: St+1 ← St ∪ {vt}

Admissibility of Corrective Step:

• Descent step:

f(x)−f(x
′
) ≥

〈∇f(x), a − s〉2

2LD2

• or Drop step: f(x′) ≤ f(x),
S
′ ( S
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3

Step Types That Satisfy It

A generic corrective FW algorithm

Three common step types that satisfy the admissibility conditions:

• Blended Conditional Gradients (BCG): Simplex-Gradient Step [Braun et al., 2019a]

• Blended Pairwise Conditional Gradients (BPCG): Local Pairwise Step [Tsuji et al.,

2022]

• Fully-Corrective Frank-Wolfe (FCFW): Fully-Corrective Step [Holloway, 1974]

Examples. (two extremes)

Algorithm Local Pairwise Step (LPS)

Input: S, x, a, s
1: γ? ← argminγ∈[0,λa(x)] f(x+ γ(s− a))
2: x

′ ← x+ γ?(s− a)
3: if γ? = λa(x) then

4: S
′ ← S \ {a}

5: else

6: S
′ ← S

Algorithm Fully-Corrective Step (FCS)

Input: S

1: x
′ ← argminy∈conv(S) f(y)

2: S
′ ← {v ∈ S | λv(x

′) > 0}
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A Generic Corrective FW Algorithm: Illustration

A generic corrective FW algorithm

[Halbey et al., 2025]

X

conv(St)

xt

corrective steps

x
corr

t

local progress stalls

x
?x

? /∈ conv(St)

vt

xt+1

St+1 = St ∪ {vt}conv(St+1)

CFW performs local corrective optimization inside conv(St) until progress stalls; then a global FW step

adds a new atom and updates the active set St.
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Convergence of Corrective Frank-Wolfe

A generic corrective FW algorithm

[Halbey et al., 2025]

Theorem (CFW convergence)

Let f be convex and L-smooth over a compact convex set X with diameter D. For

iterates {xt} generated by CFW, we have

f(xT)− f
? ≤ 4LD2

T
.

If additionally f is (c, 1
2
)-sharp and X is a polytope with pyramidal width δ,

then

f(xT)− f
? ≤ (f(x0)− f

?) exp(−cf,X T), cf,X = min

{
1
4
,

δ2

16Lc2D2

}
.

More generally, for (c, θ)-sharp objectives with θ < 1
2
:

f(xT)− f
? = O

(
T
− 1

1−2θ

)
.

Note. CFW can also be lazified to significantly reduce the number of LMO calls;

convergence rates are preserved.

[Braun et al., 2017b, 2019b]
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form of ↵1, the angle at the ‘top’ of the pentagon. We will later determine the range of valid

↵1 depending on d numerically and see that this additional variable can be fixed by linearly

interpolating between two extremal values (though other options can also be valid depending

on d).
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of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:
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Quadratic Corrections
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Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Motivation: the Quadratic Special Case

Quadratic Corrections

All-important special case:

f(x) = 1
2
〈x, Ax〉+ 〈b, x〉+ c, A � 0.

For a fixed active set St with atoms v ∈ St, write

x =
∑
v∈St

λvv,
∑
v∈St

λv = 1, λv ≥ 0.

Then

∇f(x) = Ax+ b =
∑
v∈St

λv(Av+ b) =
∑
v∈St

λv∇f(v).

Key obsevation: for quadratic objectives and fixed St

1. For x ∈ conv(St), we have ∇f(x) is a convex combination of gradients.

2. For x ∈ aff(St), we have ∇f(x) is an affine combination of gradients.
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Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Optimality System and Two Paths

Quadratic Corrections

Let V collect active atoms of St as columns and Av+ b = ∇f(v) for v ∈ St.

First-order optimality over aff(St). Linear system of the form.

〈AVλ+ b, v− w〉 = 0 ∀v, w ∈ St, v 6= w,

1
>λ = 1.

Lemma (Affine minimizer existence)

The system is feasible iff b ⊥
(
span(St) ∩ ker(A)

)
. In particular, it is feasible

if A � 0.

Need to ensure. Nonnegativity of multipliers, i.e., λ ≥ 0. Two paths:

1. QC-LP enforce λ ≥ 0 directly, which leads to an LP.

2. QC-MNP allow negatives in affine solve, then “truncate” to simplex.

Note. In practice, only attempt QC-LP or QC-MNP once in a while, e.g.,

exponentially with period T.
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Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Quadratic Correction via LP (QC-LP)

Quadratic Corrections

Linear system is a feasibility problem of the form:

find λ s.t.

〈AVλ+ b, v− w〉 = 0 ∀v, w ∈ St, v 6= w,

1
>λ = 1,

λ ≥ 0.

Algorithm Quadratic Correction LP (QC-LP)

Input: St, xt, at, st
1: Solve linear system + simplex constraints for λ
2: if feasible then

3: xt+1 ←
∑

v∈St
λvv, St+1 ← St

4: else

5: (xt+1, St+1)← LPS(St, xt, at, st)
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of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Quadratic Correction via MNP (QC-MNP)

Quadratic Corrections

Try to solve the unconstrained affine problem for λ̃ first, then truncate or

fallback to LPS.

(basically: Minimum Norm Point problem).

Algorithm Quadratic Correction MNP (QC-MNP)

Input: St, xt, at, st
1: Solve affine optimality system for λ̃ (without λ̃ ≥ 0)
2: if infeasible then

3: (xt+1, St+1)← LPS(St, xt, at, st)
4: else if λ̃ ≥ 0 then

5: xt+1 ←
∑

v∈St
λ̃vv, St+1 ← St

6: else

7: τ ← min

{
λv(xt)

λv(xt)−λ̃v

: λ̃v < λv(xt)
}

8: λ′ ← τ λ̃+ (1− τ)λ(xt)
9: xt+1 ←

∑
v∈St

λ′
vv, St+1 ← {v ∈ St : λ

′
v > 0}
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interpolating between two extremal values (though other options can also be valid depending

on d).
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(dashed) highlighted at three critical points.

A copy of three pentagons, one triangle, three octagons and two hexagons together form the

building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Computational Experiments

Sebastian Pokutta · Efficient Quadratic Corrections for Frank-Wolfe Algorithms 16 / 22



Figure 1: Building block of first coloring for d = 0.354, 0.45, and 0.553.

form of ↵1, the angle at the ‘top’ of the pentagon. We will later determine the range of valid

↵1 depending on d numerically and see that this additional variable can be fixed by linearly

interpolating between two extremal values (though other options can also be valid depending

on d).

Figure 2: Illustration of the first coloring with circles at unit distance (dotted) and distance d

(dashed) highlighted at three critical points.

A copy of three pentagons, one triangle, three octagons and two hexagons together form the

building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Sparse Regression

Computational Experiments

[Halbey et al., 2025]

Figure: Sparse regression over the K-sparse polytope for K ∈ {5, 20}.
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building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Entanglement Detection

Computational Experiments

[Halbey et al., 2025]

Figure: Entanglement detection for a ∈ {0.25, 0.5}.
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A copy of three pentagons, one triangle, three octagons and two hexagons together form the

building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:

3

Split Projection

Computational Experiments

[Halbey et al., 2025]

Figure: Projection onto B(n) ∩ B2 for n ∈ {300, 500}.
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(dashed) highlighted at three critical points.

A copy of three pentagons, one triangle, three octagons and two hexagons together form the

building block of the first coloring that is illustrated in Figure 1 for three di↵erent valid choices

of d. Note that the triangle disappears as d approaches the upper end of the valid spectrum.

Looking at the overall construction in Figure 2, it is visually clear that the only conditions that

are at risk making this construction invalid are given be the following set of constraints:
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