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What is this talk about?

Introduction

A mixed-integer convex optimization method
based on conditional gradients.

Why? Conditional gradients generate sparse iterates, leading to lower fractionality, and hence
less branching.

Today: A brief overview of approach and solver.
Outline
® Recap: Conditional Gradients a.k.a. the Frank-Wolfe algorithm

® Mixed-Integer Conditional Gradients
® Julia Package Boscia.jl

(Hyperlinked) References are not exhaustive; check references contained therein.
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Conditional Gradients
a.k.a. the Frank-Wolfe algorithm

—The Basics—

Sebastian Pokutta - Boscia: Mixed-Integer Conditional Gradients 2/28



The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a polytope
P, solve optimization problem:
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The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a polytope
P, solve optimization problem:

min f(x) (baseProblem)
xepP

Source: [Jaggi, 2013]
1. Very versatile model

2. Can use various types of information about both f and P
3. Works very well in (continuous) real-world applications

4. At the core of many (all?) learning algorithms (albeit mostly non-convex case)
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The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a polytope
P, solve optimization problem:

min f(x) (baseProblem)
xepP

Our setup.

Source: [Jaggi, 2013]

1. Access to P. Linear Minimization Oracle (LMO): Given linear objective c return

X «<—argminc
veP

Ty.

Sebastian Pokutta - Boscia: Mixed-Integer Conditional Gradients

3/23



The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a polytope
P, solve optimization problem:

min f(x) (baseProblem)
xepP

Source: [Jaggi, 2013]
Our setup.

1. Access to P. Linear Minimization Oracle (LMO): Given linear objective c return

X < arg min clv.
veP

2. Access to f. First-Order Oracle (FO): Given x return

VF(x) and f(x).

Sebastian Pokutta - Boscia: Mixed-Integer Conditional Gradients 3/28



The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Given a smooth and convex function f and a polytope
P, solve optimization problem:

min f(x) (baseProblem)
xepP

Source: [Jaggi, 2013]
Our setup.

1. Access to P. Linear Minimization Oracle (LMO): Given linear objective c return

X < arg min clv.

veP
2. Access to f. First-Order Oracle (FO): Given x return

VF(x) and f(x).

= Complexity of convex optimization relative to LO/FO oracle
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Interlude: why LMOs?

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

LMO model has many advantages.

1. Includes explicit formulation via constraints

2. Some problems do not posess ‘small’ formulations but have efficient LMOs.
Example: Matching Polytope [Rothvoss, 2014, Braun and Pokutta, 2015a,b, Braun et al., 2015, 2017a]

3. Allows modeling of compact convex constraints as long as we have an LMO.
Example: SDP cone

4. Often much faster than projection.
Example: nuclear norm. Largest singular vector (Lanczos method) vs. full SVD

5. LMO is a black box for the algorithms

6. For many LMOs of interest close form solutions available.
Example: ¢1-ball for LASSO regression.

For an overview see: [Combettes and Pokutta, 2021]
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The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Basic notions. Let f : R" — R be a differentiable function.

Sebastian Pokutta - Boscia: Mixed-Integer Conditional Gradients 5/23



The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Basic notions. Let f : R" — R be a differentiable function.

Definition (Convexity)
For all x, y it holds:

f(y) = f(x) = (V(x),y - x).

In particular, all local minima are global minima.
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The basic problem

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Basic notions. Let f : R" — R be a differentiable function.

Definition (Convexity)
For all x, y it holds:

CONVEXITY AND SMOOTHNESS

f(y) = f(x) = (V(x),y - x).

In particular, all local minima are global minima.

FOO SMOOTHNESS

Definition (L-Smoothness)
For all x, y it holds:

CONVEXITY

1) = 1) < (Y100, = x) + 5y = xIP.
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The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)
1. X0 €P
:fort=0to T —1do
v «— argmin(Vf(x;), v)
veP

2
3
4 Xpa1 — Xt + p(ve = Xt)
5. end for

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]
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The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)
1. X0 €P
: fort=0to T —1do
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veP
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[Frank and Wolfe, 1956, Levitin and Polyak, 1966]
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Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)
1. X0 €P
:fort=0to T —1do
v «— argmin(Vf(x;), v)
veP

2
3
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: end for Vi

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]
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Algorithm Frank-Wolfe Algorithm (FW)
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The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)
1. X0 €P
:fort=0to T —1do
v «— argmin(Vf(x;), v)
veP

2
3
4 Xpe1 < Xt + pe(ve = Xi)
5

: end for Vi

[Frank and Wolfe, 1956, Levitin and Polyak, 1966]
Advantages:

® Extremely simple and robust: no complicated data structures to maintain
® Easy to implement: requires only the two oracles
® Projection-free: feasibility convex combination and LO oracle.

® Sparsity: optimal solution is a convex combination of (usually) vertices.
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The Frank-Wolfe Algorithm

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Algorithm Frank-Wolfe Algorithm (FW)
1. X0 €P

2: fort=0to T —1do
3 v; <« argmin(Vf(x;),v)
veP
4 Xppt — X+ yi(ve = xt)
5. end for Vi
[Frank and Wolfe, 1956, Levitin and Polyak, 1966]
Advantages:

® Extremely simple and robust: no complicated data structures to maintain
® Easy to implement: requires only the two oracles
® Projection-free: feasibility convex combination and LO oracle.

® Sparsity: optimal solution is a convex combination of (usually) vertices.

Disadvantages:
® Suboptimal convergence rate of O(1/T)

= Despite (theoretically) suboptimal rate heavily used in applications due to simplicity.
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Simple Convergence Proof

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Theorem (Convergence rate of the vanilla Frank-Wolfe Algorithm)
Let f be L-smooth convex, P be polytope with diameter D. With choice y; = %
2LD?

f(xt) — f(x*) < 13
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Theorem (Convergence rate of the vanilla Frank-Wolfe Algorithm)
Let f be L-smooth convex, P be polytope with diameter D. With choice y; = %

2LD?
f(xt) — f(x*) < =—.
(xt) = f(x*) < T+ 3

Proof Sketch.

By smoothness:
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Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Theorem (Convergence rate of the vanilla Frank-Wolfe Algorithm)
Let f be L-smooth convex, P be polytope with diameter D. With choice y; = %

2LD?
f(xt) — f(x*) < =—.
(xt) = f(x*) < T+ 3

Proof Sketch.

By smoothness:

f L 2 _ Ly; 2
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Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Theorem (Convergence rate of the vanilla Frank-Wolfe Algorithm)
Let f be L-smooth convex, P be polytope with diameter D. With choice y; = %

2LD?
f(xt) — f(x*) < =—.
(xt) = f(x*) < T+ 3

Proof Sketch.

By smoothness:

f L 2 _ Ly; 2
(Xt41) = F(xt) < (VF(Xt), Xt41 = Xp) + §||Xt+1 =xtll* =yt (VF(xe), ve — xt) + T”Vt = xl*.

LP maximality and convexity: (Vf(x;), vi — x;) < (VF(xt), x* — x¢) < f(x*) — f(x¢). Moreover, ||v; — x;|| < D.
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Simple Convergence Proof

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

Theorem (Convergence rate of the vanilla Frank-Wolfe Algorithm)
Let f be L-smooth convex, P be polytope with diameter D. With choice y; = %

2LD?
f —f(x") < ——.
() = Flx) < =5
Proof Sketch.

By smoothness:

L Lyt
f(xpe1) = F(xt) < (VF(Xe), Xeet = Xe) + §||Xt+1 = xtll? = e (Vi) ve = xe) + Tt”"t - xtll?.
LP maximality and convexity: (Vf(xt), vi = xt) < (Vf(xt), x* = xt) < f(x*) — f(x¢). Moreover, ||v; — x¢|| < D.
Thus:
) o LD?
F(Xee1) — F(X*) < (1= yo)(FOxe) — F(x7)) + 9 -

By Induction (plugging in the guarantee + definition of y;):

2 ) 2LD? 4 LD? 2LD?(t+2) - 2 D?

t+3 o

f(x; —-f(x*) < |1- —_—+ o = =< ,
(1) = ) ( t+3  (t+3)2 2 (t+3)2 t+4

by (t +2)(t +4) < (t +3)2.
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Significant progress over the recent years (incomplete list)

Conditional Gradients a.k.a. the Frank-Wolfe algorithm

N o oA WD =

. Strongly convex case [Garber and Hazan, 2013, Lacoste-Julien and Jaggi, 2015, Lan and Zhou, 2016, Garber and Meshi, 2016]
. Non-convex case [Lacoste-Julien, 2016]
. Online case [Hazan and Kale, 2012]
. Stochastic variants and adaptive gradients [Hazan and Luo, 2016, Reddi et al., 2016, Combettes et al., 2020]
. Sharp functions and sharp regions [Kerdreux et al., 2019, 2021a,b]
. Acceleration [Diakonikolas et al., 2020, Bach, 2020, Carderera et al., 2021]
. Specialized variants [Freund et al., 2017, Braun et al., 2017b, 2019b,a]

Conditional Gradients very competitive: simple, robust, real-world performance.

For more background etc see our survey! [Braun et al., 2022]
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Mixed-Integer Conditional Gradients

—The Framework—
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Problem setting

Mixed-Integer Conditional Gradients

Basically. Smooth convex objective over MIPs.
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Problem setting

Mixed-Integer Conditional Gradients

Basically. Smooth convex objective over MIPs.

Slightly more general:

min f(x,y)
X’.y

st.xeX
xp€Z Vjed
yey
with LMO over (X N bounds) x Y.
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Three main algorithmic frameworks for MINLPs

Mixed-Integer Conditional Gradients

Diamond blocks represent nodal relaxations in the given framework.

BnB

node < >hmuud

Standard BnB framework on top
of NLP relaxations.
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Standard BnB framework on top
of NLP relaxations.
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and outer approximations
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Three main algorithmic frameworks for MINLPs

Mixed-Integer Conditional Gradients

Diamond blocks represent nodal relaxations in the given framework.

BnB

node < )ouud

BnB
node,

node < bound ‘

gradies u( ( lirection

Standard BnB framework on top ‘
of NLP relaxations. LP-based MINLP frameworks

and outer approximations

Our approach. Linearized models solved as MIPs
within the Frank-Wolfe algorithm on top of which
we branch

Tree of trees or forest — Boscia (Corsican) = Forest.
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Branching: continuous relaxation (usual approach)

Mixed-Integer Conditional Gradients
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Branching: mixed-integer hull (our approach)

Mixed-Integer Conditional Gradients

—— - - —--0 - - -6
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Branching: mixed-integer hull (our approach)

Mixed-Integer Conditional Gradients

—— - - —--0 - - -6

Open question.
Can we define adaptive criteria to choose relaxation?
(E.g., geometry of the feasible set, conditioning of the function)
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Reducing number of MIP oracle calls

Mixed-Integer Conditional Gradients

We use Blended Pairwise Conditional Gradients (BPCG) [Tsuii et al., 2022]
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We use Blended Pairwise Conditional Gradients (BPCG)
® | azification. aggressively reuse old solutions
® Blending. perform local steps for sparsity — low fractionality
® Active set. branching means simply splitting convex combination
® Discarded set. reuse solutions from previous nodes
® |ncomplete resolution and warmstarts. Less work per node

Does it help?
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Reducing number of MIP oracle calls

Mixed-Integer Conditional Gradients

We use Blended Pairwise Conditional Gradients (BPCG)

® | azification. aggressively reuse old solutions

® Blending. perform local steps for sparsity — low fractionality

® Active set. branching means simply splitting convex combination
® Discarded set. reuse solutions from previous nodes

® |ncomplete resolution and warmstarts. Less work per node

Does it help?

Avg set size
LMO calls

3 10
1 6 11 16
Node depth

—®—  Active set ~—#— Discarded set —&— LMO calls

On average something like 7 to 10 sub-MIPs per node.
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Reducing cost for each MIP

Mixed-Integer Conditional Gradients
Subproblems are MIPs. Leverage MIP advances:

® Cutting-planes

® Domain propagation
® Presolving

® Primal heuristics

® etc.
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Reducing cost for each MIP

Mixed-Integer Conditional Gradients
Subproblems are MIPs. Leverage MIP advances:

® Cutting-planes

® Domain propagation
® Presolving

® Primal heuristics

® etc.

Moreover, we can reuse information across solves heavily:

® MIP solver called with different objectives within node
® |dentical polyhedron with updated bounds solved across nodes
® All found primal solutions are valid for main problem

Question of MIP reoptimization: [Gamrath et al., 2015]

Which information should be (conditionally) transferred across instances?
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Boscia.jl

—The Code—
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The package

Boscia.jl

® Julia package

® Based on Bonobo. j1 (BnB package) and FrankWolfe. j1 (our FW package)
® Via MOI can use basically any MIP solver; some features specific to SCIP

® |ncludes other features such as hybrid branching

® Available under MIT license
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https://github.com/Wikunia/Bonobo.jl
https://github.com/ZIB-IOL/FrankWolfe.jl
https://jump.dev/MathOptInterface.jl/stable/
https://www.scipopt.org/

Example: Code

Boscia.jl

using Boscia

using FrankWolfe

using Random

using SCIP

using LinearAlgebra

import MathOptInterface
const MOI = MathOptInterface

const diffw = 0.5 * ones(n)
o = SCIP.Optimizer ()

MOI.set (o, MOI.Silent(), true)

x = MOI.add_variables (o, n)

for xi in x

MOI.add_constraint (o, xi, MOI.GreaterThan(0.0))
MOI.add_constraint (o, xi, MOI.LessThan(1.0))
MOI.add_constraint (o, xi, MOI.ZeroOne())

lmo = FrankWolfe.MathOptLMO (o)

function f (x)

return sum (0.5« (x.-diffw)."2)

end

function grad! (storage, x)

@. storage = x-diffw

end

x, _, result - Boscia.solve(f, grad!, lmo, verbose = tr
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Example: planted solution in high-dimensional space

Boscia.jl

julia> include("examples/low_dim_in_high_dim.3l")
Boscia Algorithm.
Parameter settings

Tree traversal strategy: Move best bound

: 1.0000000-02
1.000000e-05

Number of binary variables: 12

Iteration open Bound Incumbent Gap (abs) Gap (zel) Time () Nodes/sec £ (ns) L0 (ns) MO (calls ©) FW (Its) fActiveSet Discarded
. ! 2 -2.297891e403 -1.977958e+03  3.199328e402  1.617490e-01  3.150000e-01  3.278689e+00 758 3 1 10001 1 o
. 2 3 -2.297891e+03 -2.238338e403  5.955322e+01  2.660600e-02  1.442000e400  3.467406e+00 526 n a6 10001 IS 0
. 3 S -2.292074e+03 -2.239976e403  5.209869e+01  2.325860e-02  2.500000e400  3.600000e+00 531 s 101 10001 1 0
. s 6 -2.292070e+03 -2.242301e403  4.577302e+401  2.219729e-02  3.024000e400  3.637566e+00 523 10 133 10001 12 0
. 6 7 -2.252074e403 -2.242301e+03  4.977302e401  2.219729e-02  3.544000e+00  3.668172e400 519 n T6s 10001 a 0
N 16 17 212622460403 -2.243023e+03  3.922226e+01  1.748634e-02  B.726000e+00  3.781802e+00 s20 8 39 10001 6 2
. 21 22 -2.26054%+03 -2.2033250+03  3.722381e+01  1.659314e-02  1.131100e+01  3.801609e+00 1 5 s64 10001 7 1
. 25 30 -2.279719e+03 -2.204814+03  3.490433e+01  1.554887e-02  1.544300e+01  3.815017e+00 s22 8 761 10001 3 1
. 56 67 -2.2719530403 -2.205231e+03  2.672273e+01  1.190200e-02  3.451800e+01  3.853062¢+00 517 8 1616 10001 1 2
100 101 -2.268603e+03 -2.245231e+03  2.337210e+0l  1.040967e-02  5.204200e+01  3.8622650+00 516 3 2357 10001 2 1
119 120 -2.267387e+03 -2.245231e+03  2.215595e+01  3.868008e-03  6.184500e+01  3.864250e+00 530 3 2778 10001 i o
Solution Statistics
Solution Status: Optimal (tolerance reached)
Primal Objective: -2245.23067557406
Dual Bound: -2267.3366295644566
Dual Gap (relative): 0.009868007876175864
search Statistics.
otal number of nodes processe
Total mumber of lmo calls
44.5775082000873
Nodes / sect 3.8640001293389163
LHO calls / node: 11.640167364016737
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Example: computational results: Sparse Regression

Boscia.jl

12000

10000
s000 2

6000

1000 —— Total mo calls

2000

0

1500

0 250 500 730 1000 1250
Number of nodes

Dual gap

3.05

17500
15000
12500
10000 &

Upper bound
50 g Lower bound
5000 = Total Imo calls
2500
0

1000 1500 2000
Number of nodes

0 500

High-dimensional sparse regression problem
with £o-constraints

High-dimensional sparse regression problem
over mixed-integer feasible region.

20/23

Sebastian Pokutta - Boscia: Mixed-Integer Conditional Gradients




Thank you!

Preprint: arxiv.org/abs/2208.11010,
Convex integer optimization with FW methods [Hendrych et al., 2022]
Package available at github.com/ZIB-IOL/Boscia. jl

In a nutshell. Minimize smooth convex objective over any MIP. Applications in engineering, sparse prediction models,
statistics, and relaxation of combinatorial problems.
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