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What is this talk about?
Introduction

Solving the 1-fair packing problem

max
x≥0

{
f (x) def

=

n∑︁
i=1

log xi : Ax ≤ 𝟙m

}
. (1FP)

Why? Problem occurs in many relevant applications.

Today: A fast (and distributed) algorithm for the (1FP)

Outline
• Quick overview of the 1-fair packing problem
• Accelerated distributed method for its solution

(Hyperlinked) References are not exhaustive; check references contained therein.
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The 1-fair packing problem
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Problem Definition
The 1-fair packing problem

Given A ∈ Mm×n (ℝ≥0), the 1-fair packing problem is defined as

max
x≥0

{
f (x) def

=

n∑︁
i=1

log xi : Ax ≤ 𝟙m

}
. (1FP)

The width 𝜌 of A is defined as the maximum ratio of the non-zero entries of A:

𝜌
def
= max{Aij}/min

Aij≠0
{Aij}.

We are interested in algorithms that are:
1. width-independent (usually: width-dependence⇒ non-polynomiality)
2. provide additive 𝜀-minimizers
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Why should we care?
The 1-fair packing problem

The 1-fair packing problem (aka proportional fair allocation):
1. Arises under a natural set of fairness axioms [Bertsimas et al., 2011, Lan et al., 2010]

2. Corresponds to Nash bargaining solutions [Nash, 1950]

3. Multi-resource allocation [Bonald and Roberts, 2015, Jin and Hayashi, 2018, Joe-Wong et al., 2012]

4. Rate control in networks [Kelly, 1997]

5. Game theory [Jain and Vazirani, 2010, 2007]

Other important allocations:
1. linear objectives (no fairness)
2. max-min allocations [Mo and Walrand, 2000]

3. 𝛼-fair allocations (generalization) [Atkinson, 1970, Mo and Walrand, 2000, McCormick et al., 2014]
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Overview of Results
The 1-fair packing problem

Paper Problem Iterations Width-dependence?

[Beck et al., 2014] Primal O(𝜌2mn/𝜖) Yes
[Marašević et al., 2016] Primal Õ(n5/𝜖5) nearly No (polylog)
[Diakonikolas et al., 2020] Primal Õ(n2/𝜖2) nearly No (polylog)
[Criado et al., 2021] Primal Õ(n/𝜖) No

[Beck et al., 2014] Dual O(𝜌
√︁
mn/𝜖) Yes

[Criado et al., 2021] Dual Õ(n2/𝜖) No

Table: Comparison of algorithms for 1-fair packing and its dual. The work of one iteration is linear
in N, the number of non-zero entries in A.

Today: Primal algorithm via accelerated first-order method.
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A distributed accelerated algorithm
for the 1-fair packing problem
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Key ingredients and algorithmic properties
Preliminaries

Key ingredients.
1. Problem transformation to ensure width independence
2. Smoothed objective + special barrier

Smoothening + accelerated coordinate descent used for 0-fair packing with multiplicative guarantees [Allen-Zhu and Orecchia, 2019]

3. Truncated gradients for the Mirror Descent step
Smoothening + truncated gradients used for 1-fair packing without acceleration but additive guarantees [Diakonikolas et al., 2020]

4. Acceleration via Linear Coupling of Mirror Descent and Gradient Descent
Very flexible approach to achieve acceleration [Allen-Zhu and Orecchia, 2017]

Algorithmic Properties.
1. Accelerated first-order method
2. Distributed

Each worker j only needs xj , column Aj , and global parameters [Kelly and Yudovina, 2014, Awerbuch and Khandekar, 2008]

3. Width-independent
4. Deterministic
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Problem transformation
Preliminaries

Step 1. Rescale the original problem data via rescaling columns of A, so that

max
j∈[m]

{Aij} = 1, for all i ∈ [n] . (rescaling)

Note. Via rescaling of primal coordinates. Changes the objectives by an additive
constant. Obtained additive guarantees are preserved.

Step 2. Reparametrize the problem, via f̂ : ℝn → ℝ, x ↦→ f (exp(x)) = 〈𝟙n, x〉:

max
x∈ℝn

{
f̂ (x) def

= 〈𝟙n, x〉 : A exp(x) ≤ 𝟙m
}
. (expSpace)

Note. Now we have a simple objective but more complex constraints.

Step 3. Regularize objective by putting constraints into barrier

fr (x)
def
= − 〈𝟙n, x〉 +

𝛽

1 + 𝛽

m∑︁
i=1
(A exp(x))

1+𝛽
𝛽

i with 𝛽
def
=

𝜖

6n log(2mn2/𝜖)

Note. Unconstrained minimization problem now (technically we add a box later but...)
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The gradient and the barrier function visualized
Preliminaries

Gradients of fr . At coordinate j ∈ [m] given by

∇jfr (x) = −1 +
n∑︁
i=1
(A exp(x))

1
𝛽

i aij exp(xj), (nabla-fr)

Figure: Regularized objective fr (left) and its gradient (right), for a sample matrix A ∈ M3×2. For
visualization purposes we show log fr (x) and log ‖∇fr (x) ‖, represented by color, and we indicate
the direction of the gradient with normalized arrows. Results are shown in original space but the
gradient was computed as originally defined in (nabla-fr).
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Reformulation and Width-independence
Preliminaries

Lemma (Key Lemma (together with rescaling) to width-independence)
Let A satisfy the normalization in (rescaling), and let x̄∗ be the optimizer of
Problem (1FP). Then x̄∗i ≥ 1/n for all i ∈ [n].

Let 𝜔 def
= log(mn/(1 − 𝜖/n)) and define box B def

= [−𝜔,0]n. It su�ces to solve

min
x∈B

fr (x). (1FP-primalReg)

Proposition (Solving (1FP-primalReg) is good enough)
Let 𝜖 ∈ (0, n/2]. Let x∗r be the minimizer of (1FP-primalReg), let x∗ be the maximizer of f̂
and let x𝜖r ∈ B be a point such that fr (x𝜖r ) − fr (x∗r ) ≤ 𝜖 , i.e., an 𝜖-minimizer of
(1FP-primalReg). Then we have:
1. The point x∗r satisfies f̂ (x∗) − f̂ (x∗r ) ≤ f̂ (x∗) + fr (x∗r ) ≤ 3𝜖 .
2. The point x𝜀r satisfies A exp(x𝜖r ) ≤ (1 + 𝜖/n)𝟙m
3. The point u = x𝜖r − log(1 + 𝜖/n)𝟙n satisfies

f (exp(x∗)) − f (exp(u)) = f̂ (x∗) − f̂ (u) ≤ 5𝜖 and A exp(u) ≤ 𝟙m.
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The Algorithm
Algorithm and Convergence Guarantee

Algorithm Accelerated descent method for 1-Fair Packing
Input: Matrix A ∈ Mm×n (ℝ≥0) normalized as in (rescaling). Accuracy 𝜖 ∈ (0, n/2].
1: 𝛽 ← 𝜖

6n log(2mn2/𝜖 ) ; 𝜔 ← log( mn
1−𝜖 /n ) ; L = max

{
4𝜔 (1+𝛽)

𝛽
,
16n log(2mn)

3𝜖 + 1
3

}
= Õ(n/𝜖 )

2: 𝜂0 ← 1
3L ; Ck = 3𝜂kL; 𝜏 ← 𝜏k = 𝜂k/Ck = 1/(3L) .

3: T ← dlog( 4n log(2mn)
𝜖

)/log( 1
1−𝜏 ) e ≤ d3L log(

4n log(2mn)
𝜖

) e = Õ(n/𝜖 )
4: x(0) ← y (0) ← z(0) ← − log(mn/(1 − 𝜖 /n))𝟙n
5: for k = 1 to T do
6: 𝜂k ← Ck − Ck−1 = 1

1−𝜏 𝜂k−1
7: x(k) ← 𝜏z(k−1) + (1 − 𝜏)y (k−1) � Linear coupling
8: z(k) ← argminz∈B

{〈
𝜂k∇fr (x

(k) ) , z
〉
+ 1
2𝜔 ‖z − z

(k−1) ‖22
}

� Mirror descent step
9: y (k) ← x(k) + 1

𝜂kL
(z(k) − z(k−1) ) � Gradient descent step

10: end for
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1−𝜖 /n ) ; L = max

{
4𝜔 (1+𝛽)

𝛽
,
16n log(2mn)

3𝜖 + 1
3

}
= Õ(n/𝜖 )

2: 𝜂0 ← 1
3L ; Ck = 3𝜂kL; 𝜏 ← 𝜏k = 𝜂k/Ck = 1/(3L) .

3: T ← dlog( 4n log(2mn)
𝜖

)/log( 1
1−𝜏 ) e ≤ d3L log(

4n log(2mn)
𝜖

) e = Õ(n/𝜖 )
4: x(0) ← y (0) ← z(0) ← − log(mn/(1 − 𝜖 /n))𝟙n
5: for k = 1 to T do
6: 𝜂k ← Ck − Ck−1 = 1

1−𝜏 𝜂k−1
7: x(k) ← 𝜏z(k−1) + (1 − 𝜏)y (k−1) � Linear coupling
8: z(k) ← argminz∈B

{〈
𝜂k∇fr (x

(k) ) , z
〉
+ 1
2𝜔 ‖z − z

(k−1) ‖22
}

� Mirror descent step
9: y (k) ← x(k) + 1

𝜂kL
(z(k) − z(k−1) ) � Gradient descent step

10: end for
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The Mirror Descent Step
Algorithm and Convergence Guarantee

Truncated Gradient. Run Mirror Descent with ∇fr (x(k) ) ∈ [−1, 1]n defined as

∇ifr (x(k) )
def
= min{1,∇ifr (x(k) )} for all i ∈ [n] . (truncGradient)

Lemma (Mirror Descent Guarantee)
Let u ∈ B and choose L as in the Algorithm. It holds that:〈
𝜂k∇fr (x

(k) ), z(k−1) − u
〉
≤ 𝜂2kL

〈
∇fr (x(k) ), x(k) − y (k)

〉
+ 1
2𝜔 ‖z

(k−1) −u‖22−
1
2𝜔 ‖z

(k) −u‖22.

(Basically classical MD guarantee without CS and using z(k−1) − z(k) = 𝜂kL(x
(k) − y (k) )))

Note. We use ‘wrong’ gradient; need to pay for this.
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The Gradient Descent Step
Algorithm and Convergence Guarantee

Descent Lemma can be derived from a lemma in [Diakonikolas et al., 2020]

Lemma (Descent Lemma)
Given x(k) and y (k) as defined in the Algorithm, the following holds:

fr (x(k) ) − fr (y (k) ) ≥
1
2

〈
∇fr (x(k) ), x(k) − y (k)

〉
≥ 0.

Analysis similar to Lemma 3.10 in [Allen-Zhu and Orecchia, 2019]

Lemma (GD compensates for MD regret and truncation)
Let Ck

def
= 3𝜂kL, and let 𝜈

(k) def
= ∇fr (x(k) ) − ∇fr (x(k) ) ∈ [0,∞)n. For all u ∈ B, we have〈

𝜂k𝜈
(k) , z(k−1) − u

〉
+ 𝜂2kL

〈
∇fr (x(k) ), x(k) − y (k)

〉
≤ Ck (fr (x(k) ) − fr (y (k) )).
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Linear Coupling: Bringing it all together (Proof Sketch)
Algorithm and Convergence Guarantee

Step one. Consider gap with respect to x(k) :

𝜂k (fr (x
(k) ) − fr (u) )

≤
〈
𝜂k∇fr (x

(k) ) , x(k) − u
〉

(Convexity)

=

〈
𝜂k∇fr (x

(k) ) , x(k) − z(k−1)
〉
+

〈
𝜂k𝜈
(k) , z(k−1) − u

〉
+

〈
𝜂k∇fr (x

(k) ) , z(k−1) − u
〉

(Expansion)

=
(1 − 𝜏)𝜂k

𝜏

〈
∇fr (x(k) ) , y (k−1) − x(k) )

〉
+

〈
𝜂k𝜈
(k) , z(k−1) − u

〉
+

〈
𝜂k∇fr (x

(k) ) , z(k−1) − u
〉

(Definition of x(k) )

≤
(1 − 𝜏)𝜂k

𝜏
(fr (y (k−1) ) − fr (x(k) ) ) +

〈
𝜂k𝜈
(k) , z(k−1) − u

〉
+

〈
𝜂2kL∇fr (x

(k) ) , x(k) − y (k)
〉

+ 1
2𝜔 ‖z

(k−1) − u‖22 −
1
2𝜔 ‖z

(k) − u‖22 ] (Convexity for first term + MD Lemma)

≤
(1 − 𝜏)𝜂k

𝜏
(fr (y (k−1) ) − fr (x(k) ) ) + Ck (fr (x

(k) ) − fr (y (k) ) +
1
2𝜔 ‖z

(k−1) − u‖22

− 1
2𝜔 ‖z

(k) − u‖22 (MD + truncation compensation via GD)

≤𝜂kfr (x
(k) ) + (Ck − 𝜂k ) fr (y

(k−1) ) − Ckfr (y
(k) ) + 1

2𝜔 ‖z
(k−1) − u‖22 −

1
2𝜔 ‖z

(k) − u‖22 (Substitute 𝜏 to cancel 𝜂kfr (x
(k) ) )
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Linear Coupling: Bringing it all together (Proof Sketch)
Algorithm and Convergence Guarantee

Step two. Telescope using Ck − 𝜂k = Ck−1 and setting u = x∗r .(
−C0 −

T∑︁
k=1

𝜂k

)
fr (x∗r ) ≤ C0 (fr (y (0) ) − fr (x∗r )) − CTfr (y (T) ) +

1
2𝜔 ‖z

(0) − x∗r ‖22.

Step three. Clean up and using C0 (via 𝜂0) and T

fr (y (T) ) ≤ fr (x∗r ) +
1
CT

(
C0 (fr (y (0) ) − fr (x∗r )) +

1
2𝜔 ‖z

(0) − x∗r ‖22
)

≤fr (x∗r ) +
1
CT

(
C0 (n(log(2mn) + 1) +

n log(mn)
2

)
≤fr (x∗r ) + 𝜖

�
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Thank you!
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